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Abstract  
We obtain a non-Markovian quantum master equation directly from the quantization of a non-Markovian Fokker—Planck equation describing the Brownian motion of a particle immersed in a generic environment (e.g. a non-thermal fluid). As far as the especial case of a heat bath comprising of quantum harmonic oscillators is concerned, we derive a non-Markovian Caldeira—Leggett master equation on the basis of which we work out the concept of non-equilibrium quantum thermal force exerted by the harmonic heat bath upon the Brownian motion of free particle. The classical limit (or dequantization process) of this sort of non-equilibrium quantum effect is scrutinized, as well.     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
I. INTRODUCTION 
From the mathematical point of view, the dynamics of an isolated material point is deterministically described by the Schrödinger equation  
                                                               ;<(=);= = ?<(=),                                                            (1) 
where the operator ? acting upon the time-dependent function <(=) can carry  features inherent in the particle such as its mass @, its position A or its momentum B. Moreover, the mathematical structure of ? also relies on the phenomenological parameter ħ, dubbed the Planck constant ℎ divided by 2E, which is responsible for the signature of the quantum world. It is worth stressing that in the Schrödinger equation the quantities @, =, as well as A or B show up as classical physical quantities in the sense that they are ħ-independent. Most especially, the Schrödinger functions <(=) account for the remarkable phenomenon of superposition or interference of quantum states which is in the core of current researches on quantum computation [1]. 
Yet, from the physical standpoint, a quantum system cannot be imagined as being in isolation from its surroundings. In truth, it only comes into existence as far as its interaction with a certain environment (e.g., a measuring apparatus) is concerned. Accordingly, a quantum system must indeed be idealized as an open quantum system comprising of a tagged particle immersed in a generic quantum environment undergoing a jittering movement dubbed quantum Brownian motion that in turn is to be mathematically described by master equations of the general form 
                                                               ;J(=);= = ℒJ(=),                                                              (2) where the superoperator ℒ (the so-termed Liouvillian of the quantum open system) acting on the von Neumann density operator  J(=) bears some environmental features, such as coupling constants (a sort of friction constant) and the fluctuation energy accounting for the existence of the quantum Brownian movement, as well as some properties inherent in the tagged particle such as its mass @, its position A, and the Planck constant ħ. In theory of quantum open systems the pivotal issue is therefore the following [2]: How can we build up or derive some physically meaningful Liouvillians ℒ? 
From the mathematical viewpoint, the superoperator ℒ can be algebraically built up as Lindblad operators by beginning with a system-environment model Hamiltonian, and then making the Born and Markov approximations. This 
approach describes a sort of Markovian interaction between the open system (e.g., the Brownian particle) and its environment. In addition, it is assumed that the system and environment begin in a product state, i.e., they are initially independent and non-interacting [3—6]. Applications of the Lindblad formalism can be found, for instance, in quantum optics in which the environment is represented by a quantized radiation field while the Brownian particle is deemed to be an atom or a molecule. The corresponding master equation is called quantum optical master equation [5,6].   
On the other hand, in the context of quantum information theory the study of the Lindblad quantum master equations seems to be of vital importance for physical situations in which the coupling between particle and environment is deemed to be too weak in order that the coherence property of the Schrödinger functions can be preserved in time, as long as the decoherence process, i.e., the destruction of the superposition states by the inevitable presence of environment, can be meticulously controlled [1,5]. Nevertheless, one has been argued that “one should not attribute fundamental significance to the Lindblad master equation” because “the Lindblad theory is not applicable in most problems of solid state physics at low temperatures for which neither the Born approximation is valid nor the Markov assumption holds” [7]. Furthermore, recent controversies [8] seem to point out the inadequacy of the Lindblad approach to fathoming the true physics of open quantum systems [4].   
Alternatively, on the ground of the path-integral approach to open systems, Caldeira, Leggett, Cerdeira, and Ramaswamy derived two Markovian quantum master equations, the so-called Caldeira—Leggett equations (CLEs) [4,5,9,10], in order to describe the quantum Brownian motion on the basis of assumptions reliant on the Hamiltonian modeling the environment as a bath of quantum harmonic oscillators. The first Markovian CLE [9] holds valid at high temperatures for any friction constant whereas the second one [10] for any temperature and very weak damping. Nevertheless, such Markovian CLEs may give rise to unphysical results, for they  are not of the Lindblad form[3—6, 12], albeit the high-temperature Caldeira—Leggett equation [9] has been employed for looking at the decoherence phenomenon [5,6,11]. In brief, it has been claimed that Markovian CLEs cannot be considered as a bona fide description of quantum Brownian motion [7,12].   
In order to contribute to a general theory of quantum open systems, in this article we set out to tackle the problem of deriving a non-Markovian Caldeira—Legget master equation, thereby eschewing such complaints against the applicability range of this class of non-Lindblad quantum master equations. More specifically, on the basis of our non-Markovian CLE we predict the existence of a non-equilibrium quantum thermal force exerted by the harmonic heat bath upon the Brownian motion of a free particle.  
So, the present paper is laid out as follows. In Sect. II we derive a non-Markovian Klein—Kramers equation. Then, we obtain in the Sect. III the non-Markovian Caldeira—Leggett equation by means of the so-termed dynamical quantization [4,13]. In Sect. IV, on the basis of our Caldeira—Leggett master equation we evaluate the thermal quantum force exerted by the heat bath on the Brownian motion of a free particle. The classical limit of this sort of quantum force is examined, as well. Concluding remarks are reckoned with in Sect. V. Further, four appendices are attached. 
II. THE NON-MARKOVIAN KLEIN—KRAMERS EQUATION  
The erratic motion of a tagged material point immersed in a generic environment (a paradigmatic example of open system) may be described by a set of stochastic differential equations (the so-called Langevin equations) [4,14]  
                                                        ;X;= = − ;Z([);[ − 2\X + ^<(=),                                       (3) 
                                                           ;[;= = X@,                                                                             (4) 
where the environmental force,   
                                                        _` ab(X, <) = −2\X + ^<(=),                                           (5) 
is made up by the memoryless dissipative force _c = −2\X, which accounts for stopping the particle’s motion via the dissipation coefficient 2\ ≥ 0, as well as by the Langevin force, f(=) = ^<(=), which is responsible for activating the particle’s movement through fluctuations the strength of which is measured by the parameter ^ ≥ 0. Further, we can readily check that the parameter ^ may be expressed in dimensions of [@ghh × jklm=ℎ × =n@kop/r], since the function <(=) is in dimensions of [=n@kos/r].  
From the mathematical viewpoint, in the Langevin equations (3) and (4) the time =, the friction constant \, the mass @, and the fluctuation strength ^ are deemed to be deterministic parameters, whereas the time-dependent quantities [ = [(=), X = X(=), and < = <(=) are viewed as random variables in the sense that there exists a probability distribution function, ℱuvw(A, B, x, =), associated with the stochastic system {[, X, <}, expressed in terms of the possible values A = {A{(=)}, B = {B{(=)}, and x = {x{(=)}, with n ≥ 1, distributed about the  sharp values |, B′ and ~ of  [,  X, and <, respectively. It is assumed that the average value of any physical quantity ([, X, <, =) can be calculated as 
                           〈([, X, <, =)〉 =  g(A, B, x, =)ℱuvw(A, B, x, =);A;B;x,                   (6)o  
fulfilling the normalization condition  
                                             〈1〉 =  ℱuvw(A, B, x, =);A;B;x = 1.                                   (7)o  
The set of stochastic differential equations (3) and (4) gives rise to the following Fokker—Planck equation in the Gaussian approximation (see Appendix A)    
                     ℱ= = − B@ ℱA + B `(A, =)A + 2\B ℱ + (=) rℱBr                                (8) 
for the (marginal) probability distribution function ℱ ≡ ℱ(A, B, =) =  ℱuvw(A, B, x, =);xo . Equation (8) is valid in the Gaussian approximation since it is expressed in terms of the Gaussian properties of the Langevin force in (3), namely, its mean value 〈f(=)〉 as well as its autocorrelation function 〈f(=)f(=′)〉. More specifically, 〈f(=)〉 = ^〈<(=)〉, with 
                                                         〈<(=)〉 = lim→ 1  〈<(=′)〉;=,


                                         (9) 
gives rise in (8) to  the effective potential  
                                                     `(A, =) = Z(A) − A^〈<(=)〉,                                           (10) 
while 〈f(=)f(=′)〉 generates the time-dependent diffusion coefficient  
                                                               (=) = 2\@ℰ(=)                                                        (11) 
that in turn is expressed in terms of the following function  
                              ℰ(=) = 14\@ lim→ 1  〈f(=)f(=)〉;=;= = ^r4\@ (=),


                   (12) 
with the dimensionless time-dependent function (=) given by   
                                             (=) = lim→ 1  〈<(=)<(=)〉;=;=.                                   (13) 


 
It is readily to check that the time-dependent function ℰ(=) has dimensions of energy, i.e., [@ghh × jklm=ℎr × =n@kor]. Hence we call it the diffusion energy responsible for the Brownian motion of the particle immersed in a generic environment.  
In order to determine a relationship between the fluctuation parameter ^ and the dissipation parameter \ present in (3) and (8), we assume that the 
solution ℱ(A, B, =) to (8) renders steady in the long-time limit = → ∞, i.e., lim →ℱ(A, B, =) ≈ ℱ(A, B), with the effective potential (10) being given by lim→`(A, =) ≈ Z(A) − A^〈<(∞)〉, and the diffusion energy (12) displaying the following asymptotic behavior 
                                                                lim→ ℰ(=) ≈ ℰ(∞) = ^r4\@ ,                                      (14) 
provided that  
                                                                 lim→ (=) ≈ (∞) = 1.                                              (15) 
The physical significance of condition (15) has to do with the fact that environmental fluctuations do possess Markovian correlations, i.e., the correlational function (=) displays a local (short) range behavior decaying to one in the steady regime. By contrast, non-Markovian effects show up in the nonequilibrium regime 0 < = < ∞. Moreover, condition (14) yields the Markovian fluctuation-dissipation relation in the form  
                                                                    ^ = 4\@ℰ(∞) .                                                   (18) 
The parameter ^ measuring the strength of the fluctuations is therefore determined in terms of the friction constant \, the mass of the particle @, as well as the steady diffusion energy ℰ(∞).   
The characteristic feature underlying the concept of time-dependent diffusion energy (12), ℰ(=) = ℰ(∞)(=), is that it sets up a general relationship between fluctuation and dissipation processes as well as fulfilling the validity condition 0 < ℰ(=) < ∞. Both cases ℰ(=) = 0 and ℰ(=) = ∞ should be disregarded, for they may violate the fluctuation—dissipation relation. The former case may lead to dissipation without fluctuation, while the latter one may give rise to fluctuation without dissipation. 
Summarizing, the Brownian motion of a particle immersed in a generic stationary environment is described by the Fokker—Planck equation   
                 ℱ= = − B@ ℱA + B `(A, =)A + 2\B ℱ + 2\@ℰ(∞)(=) rℱBr ,              (19) 
starting from the deterministic initial condition ℱ(A, B, = = 0) = (A)(B) and evolving towards a steady solution.  The effective potential `(A, =) is given by   
                                         `(A, =) = Z(A) − A4\@ℰ(∞)〈<(=)〉.                                   (20) 
The Fokker—Planck equation (19) is generated by the Langevin equations  
                                          ;X;= = − ;Z([);[ − 2\X + 4\@ℰ(∞)<(=),                                        
                                                           ;[;= = X@.                                                                              
On the condition that 〈<(=)〉 = 0, (=) = 1, and the environment is in thermodynamic equilibrium at temperature , so that we can identify the diffusion energy ℰ(∞) with the thermal energy , where  is the Boltzmann constant, then the non-Markovian Fokker—Planck equation (19) reduces to the Markovian Klein—Kramers equation [4,14,15]:  
                          ℱ= = − B@ ℱA + B ;Z(A);A − 2\B  ℱ + 2\@ rℱBr .                       (21) 
We wish to point out that the Klein—Kramers equation (21) has been derived without postulating ab initio the statistical properties of the Langevin force  f(=)  
                                                                    〈f(=)〉 = 0,                                                               (22) 
                                                〈f(=)f(=´)〉 = 4\@(= − =´),                                           (23) 
as is commonly made in the literature [14,15]. In our approach the important fact is the asymptotic behavior of 〈<(=)〉 and (=) in the stationary limit. In other words, both the statistical properties (22) and (23) turn up as sufficient but not necessary conditions for attaining the steady state. 
 Lastly, because our Fokker—Planck equation (19) contains the Markovian Klein—Kramers equation (21) as an especial case, we dub it the non-Markovian Klein—Kramers equation. 
 III. THE DYNAMICAL QUANTIZATION  
Having derived the non-Markovian Klein—Kramers equation (19) for a Brownian particle immersed in a generic Gaussian environment, we now wish to quantize it by means of the dynamical quantization process [4,13]. First, we introduce the following Fourier transform  
                                      £(A, ¤, =) =  ℱ(A, B, =)k{¥¦;B
o
,                                      (24) 
such that the exponential k{¥¦ is a dimensionless term. Upon inserting (24) into our non-Markovian Fokker—Planck equation (19), we obtain the classical equation of motion in space (A, ¤) 
                £= = −n¤ `(A, =)A  £ + n@ r£A¤ − 2\¤ £¤ − 2\@ℰ(∞)(=)¤r£,              (25) 
where £ ≡ £(A, ¤, =). 
 The stochastic dynamics (19) is said to be quantized by introducing into the equation of motion (25) the quantization conditions through the change of variables (A, ¤) ↦ (As, Ar) given by 
                                                             As = A + ¤ħ2                                                                  (26)   and  
                                                             Ar = A − ¤ħ2 ,                                                                  (27) 
whereby the transformation parameter ħ having dimensions of angular momentum, i.e., [@ghh × jklm=ℎr × =n@kos], is dubbed Planck’s constant that in turn is responsible for the signature of quantum realm.  
The geometric meaning of the quantization conditions (26) and (27) lies at the existence of a minimal distance between the points As and Ar due to the quantum nature of space, i.e., Ar − As = ¤ħ, such that in the classical limit ħ → 0, physically interpreted as |¤ħ| ≪ |Ar − As|, the result  Ar = As = A can be readily recovered.  
  Upon making use of the relations  
¤ = As¤ As + Ar¤ Ar = ħ2 ª As − Ar«, 
A = AsA As + ArA Ar = As + Ar, 
 as well as the Gaussian approximation in the quantum context (see Appendix B)  
                                   ` (ħ)(As, =) − ` (ħ)(Ar, =)~¤ħ ` (ħ)(A, =)A ,                                         (28) 
we obtain the non-Markovian quantum master equation   
nħ J= = ­` (ħ)(As, =) − ` (ħ)(Ar, =)® J − ħr2@ ¯rJAsr − 
rJArr° − nħ\(As − Ar) ª JAs − JAr«
− nħ(=)ħ (As − Ar)rJ                                                                                    (29) 
which describes the quantum Brownian motion of a particle moving in the effective potentials   
                                ` (ħ)(As, =) = Z(As) − As4\@ℰħ(∞)〈<(=)〉                                   (30) 
and 
                                 ` (ħ)(Ar, =) = Z(Ar) − Ar4\@ℰħ(∞)〈<(=)〉.                                  (31) 
Our master equation (29) complies with the quantum fluctuation-dissipation relationship given by the quantum diffusion coefficient   
                                                       ħ(=) = 2\@ℰħ(=).                                                            (32) 
Upon performing the transition from the classical equation of motion (25) to the quantum dynamics (29) via quantization conditions (26) and (27), we have replaced the solution £ ≡ £(A, ¤, =) with J ≡ J(As, Ar, =), which now turns out to depend on the Planck constant, ħ. It is relevant to notice that in the quantum master equation (29), the time evolution parameter =, the mass @, the frictional constant \, as well as the both functions 〈<(=)〉 and  (=) are deemed to be non-quantized quantities, that is, they are ħ-independent, whereas the classical diffusion energy ℰ(∞) has been subject to a quantization process, i.e., ℰ(∞) →ℰħ(∞).      
Equation (29) describes the quantum Brownian motion of a particle immersed a generic Gaussian quantum environment. For the specific case of a heat bath comprising of quantum harmonic oscillators with oscillation frequency ±, if we could identify the Brownian particle’s steady diffusion energy  ℰħ(∞) with the mean thermal energy of the bath in thermodynamic equilibrium (see Appendix C), then we obtain  
                                                        ℰħ(∞) = ^ħr4\@ = ±ħ2 coth ª ±ħ2«.                             (33) 
 Accordingly, the equilibrium quantum fluctuation—dissipation relation reads 
                                              ^ħ = ²2\@±ħ coth ª ±ħ2«                                                    (34) 
 reducing to (18) in the classical limit  ≫ ±ħ/2. Moreover, the quantum diffusion constant associated with the thermal diffusion energy (33) reads    
                                                        ħ(∞) = \@±ħ coth ª ±ħ2«,                                      (35) 
yielding at high temperatures,  ≫ ±ħ/2 , the classical diffusion constant in (21): (∞) = 2\@. On the other hand, the zero-point diffusion constant reads ħ(´µ)(∞) = \@±ħ. Thus upon making use of (35) in (29) we obtain the non-Markovian quantum master equation  
 
  
nħ J= = [`(As, =) − `(Ar, =)] J − ħ¶2@ ¯rJAsr − 
rJArr° 
               −nħ\(As − Ar) ª JAs − JAr« − n\@± coth ª ±ħ2« (=)(As − Ar)rJ            (36) 
which describes a Brownian particle immersed in a quantum heat bath subject to  averaging and non-Markovian correlational effects through the effective potentials `(A·, =), with  = 1,2,  and the function (=), respectively. It is worth underscoring that Eq.(36) has been derived for any initial condition J(As, Ar, = =0).   For 〈<(=)〉 = 0 and (=) = 1, our quantum master equation (36) reduces to  the Markovian Caldeira—Leggett equation  
nħ J= = [Z(As, =) − Z(Ar, =)] J − ħ¶2@ ¯rJAsr − 
rJArr° 
               −nħ\(As − Ar) ª JAs − JAr« − n\@± coth ª ±ħ2« (As − Ar)rJ                    (37) 
found out by Caldeira, Cerdeira, and Ramaswamy [10] following the Feynman path integral formalism and making assumptions on the weakness of the damping \ ≪ ±. Yet our derivation has shown that such an assumption is totally unnecessary to reach (37). Moreover, on the condition that the thermal reservoir is at high temperatures, i.e., coth(±ħ/2) ~2/±ħ, our master equation (36), along with  〈<(=)〉 = 0 and (=) = 1, yields the master equation     
 nħ J= = [Z(As, =) − Z(Ar, =)] J − ħ¶2@ ¯rJAsr − 
rJArr° 
                             −nħ\(As − Ar) ª JAs − JAr« − 2n\@ħ (As − Ar)rJ                      (38) 
originally found by Caldeira and Leggett [9] upon making use of the path integral techniques and assuming that particle and environment are initially uncorrelated. This assumption is non-realistic and leads to non-physical results [12,16]. Our approach on the contrary has shown that the high-temperature Markovian Caldeira—Leggett equation (38) can be derived for any initial condition as long as averaging and non-Markovian effects could be neglected in our master equation (36) at high temperatures. 
In addition, it has been claimed that the Markovian Caldeira—Leggett equation (38) may also lead to unphysical results because it is not of the Lindblad form [3]. To overcome this difficulty, terms has been added to (38) to comply with 
the Lindblad requirement. Yet, according to our approach such an ad hoc procedure is unnecessary given that our quantum master equation (38) could be viewed as the quantization of the non-Markovian Klein—Kramers equation (18) for thermal open systems. 
 Lastly, because our non-Markovian quantum master equation (36) contains the Markovian Caldeira—Leggett equations (37) and (38) as special cases, we dub it the non-Markovian Caldeira—Leggett equation.  
 
IV. APPLICATION: THE QUANTUM BROWNIAN FREE MOTION   
                In order to provide physical significance to the non-Markovian Caldeira—Leggett equation (36), let us consider the correlational function of the form 
(=) = 1 − ko ¸¸¹  (see Appendix D) and the case of the quantum Brownian motion of a free particle, Z(A) = 0, described in quantum phase space by the equation of motion   
      º= = − B′@ ºA + 2\ B »B′ − ²@ℰħ(∞)\ 〈<(=)〉¼ º + ħ(=) rºBr ,                   (39) 
 where the function º ≡ º(A, B, =) is the Wigner transform   
                                  º(A, B′, =) = 12E  J(A + ¤ħ2 , A − ¤ħ2 , =)ko{¥½¦;¤,

o
                      (40) 
performed upon the equation master (36), and ħ(=) the time-dependent quantum diffusion coefficient    
                                                       ħ(=) = 2\@ℰħ(∞) ª1 − ko ¹«.                                    (41) 
Upon performing the variable change given by   
                                                   B = B − ²@ℰħ(∞)\ 〈<(=)〉                                                 (42) 
so that º(A, B′, =) ↦ º(A, B, =), and taking º(B, =) =  º(A, B, =);Ao , Eq. (39) turns out to be rewritten as the quantum Rayleigh equation  
                  º(B, =)= = − B@ º(B, =)A + 2\ B [Bº(B, =)] + ħ(=) rº(B, =)Br .          (43)  To solve (43) we start with the initial condition that couples Brownian particle with the environment 
                                                        º(B, = = 0) = ² =¾@Eħ ko¿¥ÀÁħ ,                                         (44) 
where =¾ = (4\)os denotes a sort of relaxation time. The time-dependent solution to (43) reads then 
                                                        º(B, =) = 14E(=) ko
¥ÀÂÃ()                                            (45) 
with 
       (=) = @ħ4=¾ ko
¿ + @±ħ4 coth ª ±ħ2« 1 − ko
¿ + =Ä(=Ä − =¾) ªko
¿ − ko ¹« .     (46) 
The probability distribution function (45) leads to 〈X〉 = 0 and 〈Xr〉 = 2(=). The average energy is therefore given by  
      〈Å〉 = ħ4=¾ ko
¿ + ±ħ4 coth ª ±ħ2« 1 − ko
¿ + =Ä(=Ä − =¾) ªko
¿ − ko ¹«              (47) 
and the momentum fluctuation by   
 ∆X(=) = ²@ħ2=¾ ko
¿ + @±ħ2 coth ª ±ħ2« 1 − ko
¿ + =Ä(=Ä − =¾) ªko
¿ − ko ¹« .    (48) 
Because ∆X(=) = ∆X′(=) we conclude that the mean value of < in the quantum equation of motion (39) renders unobservable. Moreover, fluctuation (48) gives rise to the following quantum force,  Ç(=) = ;∆X(=)/;=,  
                                                 Ç(=) = −2\2\ħ@B(=)                                                       (49) 
with the dimensionless function B(=) being given by   
B(=) = =¾r± coth È ±ħ2É ªko
¿ − ko ¹« + (=Ä − =¾)ko ¿
²(=Ä − =¾) Ê(=Ä − =¾)ko ¿ + =¾± coth È ±ħ2É =¾ ªko ¿ − 1« + =Ä ª1 − ko ¹« Ë
. 
                                                                                                                             (50)                                                                                               
If  B(=) > 0, then the force (49) is said to be attractive Ç(=) < 0. On the contrary, if  B(=) < 0, then (49) renders repulsive, i.e., Ç(=) > 0. In the steady regime this sort of quantum force vanishes, Ç(∞) = 0, whereas at short times = ≪ =Ä, =¾ the force (49) becomes attractive with the constant value Ç(=) = −2\2\ħ@. This fact implies that the quantum force (49) is a non-equilibrium effect in the regime 
0 ≤ = < ∞. Furthermore, the dimensionless factor B(=) given by (50) is expressed in terms of the following physically accessible time scales: the evolution time = (the observation time, for instance), the correlation time =Ä, the relaxation time =¾ , the oscillation time =ÎÏÄ = ±os, as well as the quantum time =Ð = ħ/.  
            Taking B(=)~1 as well as reckoning with the Munro and Gardiner’s values for the parameters \, ħ, and @ in Ref. [12], i.e., \~10sssos, ħ~10opÂmrkgsos, and @~10orÑkg, we obtain the magnitude |Ç(=)|~10ospN. This simple numerical example suggests that the strength of the quantum thermal force (49) could be measured in experiences, for instance, using trapped ions [17] in which measurement of forces of order of yoctonewton, i.e., 10orÂN, has been reported.  
          At zero temperature, i.e., coth(±ħ/2) ~1, the dimensionless factor (50)  becomes   
B(´µ)(=) = =¾r± ªko
¿ − ko ¹« + (=Ä − =¾)ko ¿
²(=Ä − =¾) Ê(=Ä − =¾)ko ¿ + ±=¾ =¾ ªko ¿ − 1« + =Ä ª1 − ko ¹« Ë
,      (52) 
while at high temperatures, i.e., as coth(±ħ/2) ~2/±ħ, it turns out to be    
B(=) = 2=¾r ªko
¿ − ko ¹« + ħ(=Ä − =¾)ko ¿
²ħ(=Ä − =¾) Êħ(=Ä − =¾)ko ¿ + 2=¾ =¾ ªko ¿ − 1« + =Ä ª1 − ko ¹« Ë
.   (53) 
            In the classical limit, ħ → 0, the sort of quantum force (49) becomes _(=) = −2\@G(=) with the dimensionless function G(=) being    
                                   G(=) = =¾ ªko
¿ − ko ¹«
²(=Ä − =¾) =¾ ªko ¿ − 1« + =Ä ª1 − ko ¹« 
.                    (54)  
Taking into account G(=)~1, \~10sssos, @~10orÑkg, ~10orpmrkgsorKos, and ~1000K, we find |_(=)|~10orrN. That is the magnitude of the classical thermal force exerted by a heat bath at 1000K upon the Brownian motion of a free particle of mass 10orÑkg .   
              At short times the dimensionless function (54) approximates to G(=)~ − (2\=Ä)os/r. Hence the non-equilibrium classical thermal force reads   
                                                         _(=) = ²2\@=Ä                                                        (55)  
which blows up in the Markovian limit =Ä → 0. This result reveals the pivotal importance of non-Markovian effects for the existence of the physical concept of non-equilibrium thermal force (54) in the classical realm. In mathematical parlance, non-Markovian features account for the differentiability property of the root mean square momentum ∆X(=) = 〈Xr〉 − 〈X〉r in the classical domain. 
 V. SUMMARY AND OUTLOOK 
In summary, our article bears the following novel results:  
a) The first upshot is that non-Markovian effects upon the Brownian motion can turn up in the classical realm through the generalized Klein—Kramers equation (19); 
b) Our second finding is that we reach the non-Markovian generalization of the Caldeira—Leggett equation [Eq.(36)] without resorting to path-integral approach to open quantum systems; 
c) Lastly, on the ground of the non-Markovian Caldeira—Leggett quantum master equation (8) we have put forward the existence of the quantum thermal force far from equilibrium [Eq.(49) with (50)] that is valid as much at zero temperature as at high temperatures.  
We hope our concept of non-equilibrium quantum thermal force could be experimentally borne out, thereby refreshing interest in the Caldeira—Leggett equation for describing quantum dynamics of open systems in the Gaussian approximation. Moreover, we reckon our dynamical-quantization approach to quantum open systems may shed some light upon the understanding of physical mechanisms underlying the interaction between a quantum object (e.g. a qubit) and its environment in so as to minimize the destructive influence of decoherence process, for instance.  In conclusion, in a forthcoming paper we intend to look at open quantum systems described by our non-Gaussian non-Markovian quantum master equation (B3).      Acknowledgments  I thank Professor Maria Carolina Nemes for the scientific support and FAPEMIG (Fundação de Amparo à Pesquisa do Estado de Minas Gerais) for the financial support under the contract CEX-00103/10. Referee’s constructive criticisms will be acknowledged, as well. 
Appendix A: The non-Markovian Klein—Kramers equation 
The Langevin equations (3) and (4) give rise to the Kolmogorov equation [18]  
                                                            ℱ(A, B, =)= = ×ℱ(A, B, =),                                           (A1) 
where the Kolmogorovian operator ×  acts upon the probability distribution function ℱ(A, B, =) according to  
       ×ℱ(A, B, =) = Ø Ø (−1)·Ù! ( − Ù)! ·A·o¾B¾ Û(·o¾,¾)(A, B, =)ℱ(A, B, =)Ü
·
¾µ              (A2)

·µs  
with  
                                  (·o¾,¾)(A, B, =) = lim→ 〈(∆[)·o¾〉〈(∆X)¾〉 .                                     (A3) 
The increments ∆[ = [(= + ) − [(=) and ∆X = X(= + ) − X(=) in the coefficients (A3) are calculated from (3) and (4) on the basis of  
                                                           ∆[ = 1@  X(=);=,


                                                       (A4) 
                                           ∆X = − ;Z([);[  − 2\  X(=);=


+ ^  <(=);=.                 (A5)

 
The average values, 〈(∆[)·o¾〉〈(∆X)¾〉, in turn are to be calculated about  the sharp values | and B′, i.e.,  
                                      ℱuvw(A, B, x, =) = (A − |)(B − B′)ℱw(x, =).                         (A6)  
The Kolmogorov equation (A1) describes the time evolution of a Brownian particle immersed in a general non-Gaussian environment. According to the  Pawula theorem [19], there exists no non-Gaussian approximation to (A1) complying with the positivity of  ℱ(A, B, =). A sufficient condition leading to a  Gaussian approximation to (A1) is then to consider  
                                                                     |Ar − As|p ≪ 0,                                                  (A7) 
such that the non-Gaussian coefficients in (A3) can vanish. In (A7), Ar = A(= + ) and As = A(=) are associated with the increment ∆[ = [(= + ) − [(=). So, in the Gaussian approximation (A7) the Kolmogorov equation (A1) changes into the Fokker—Planck equation  
ℱ= = − A Û(s,)ℱÜ − B Û(,s)ℱÜ + 12 rAr Û(r,)ℱÜ + rAB Û(s,s)ℱÜ
+ 12 rBr Û(,r)ℱÜ,                                                                                       (A8) 
whereby ℱ = ℱ(A, B, =), the drift coefficients are given by  
                                       (s,)(A, B, =) = lim→ 〈∆[〉  = B@,                                                   (A9) 
and  
                            (,s)(A, B, =) = lim→ 〈∆X〉  = −2\B − ;Z(A);A + ^〈<(=)〉,                (A10) 
whereas the diffusion coefficients are  
                                             (r,)(A, B, =) = lim→ 〈(∆[)r〉  = 0,                                       (A11) 
                                             (s,s)(A, B, =) = lim→ 〈∆[〉〈∆X〉  = 0,                                    (A12) 
                                          (,r)(A, B, =) = lim→ 〈(∆X)r〉  = ^r(=).                                (A13) 
Taking into account (A9—A13), the Fokker—Planck equation (A8) turns out to written as   
         ℱ= = − B@ A ℱ + B ;Z(A);A + 2\B − ^〈<(=)〉  ℱ + 2\@ℰ(=) rBr ℱ           (A14) 
with the diffusion energy  
                                                           ℰ(=) = ^r4\@ (=).                                                        (A15) 
In (A14), the mean value of <(=) reads   
                                             〈<(=)〉 = lim→ 1  〈<(=′)〉;=,


                                                (A16) 
while the dimensionless time-dependent function (=) in (A15) is given by   
                                          (=) = lim→ 1  〈<(=)<(=)〉;=;=.                                   (A17) 


 
Appendix  B: Quantizing the Kolmogorov equation 
We write down the Kolmogorov equation (A1) in the form  
 ℱ= = − B@ A ℱ + B ;Z(A);A + 2\B − ^〈<(=)〉  ℱ + 2\@ℰ(=) rBr ℱ +  ×ℱ,       (B1) 
where the non-Gaussian terms are given by  
            ×ℱ = Ø Ø (−1)·Ù! ( − Ù)! ·A·o¾B¾ Û(·o¾,¾)(A, B, =)ℱ(A, B, =)Ü
·
¾µ                        (B2)

·µp  
with the coefficients (A3).  
 After performing the Fourier transformation (24) and making use of the quantization conditions (26) and (27), we obtain the non-Gaussian quantum master equation     
nħ J= = ­` (ħ)(As, =) − ` (ħ)(Ar, =)® J − ħ¶2@ ¯rJAsr − 
rJArr° − nħ\(As − Ar) ª JAs − JAr«
− nħ(=)ħ (As − Ar)rJ + ?J                                                                         (B3) 
with the non-Gaussian contributions given by  
                                  ?J =  ×ℱ ÈAs − Ar2 , B, =É k{¥(ÝÞoÝÀ)ħ ;B.

o
                                       (B4) 
In the Gaussian approximation (A7), i.e.,  |As − Ar|p ≪ 1, the non-Gaussian terms (B4) do vanish. Accordingly, the non-Gaussian quantum master equation (B3) reduces to our Gaussian master equation (29). 
 
 
 
 
 
 
 
 
Appendix C: The physics of the environment 
Let us assume that the environment can be imagined as a heat bath comprising of a set of ß quantum harmonic oscillators having the same oscillation frequency ± in thermal equilibrium at temperature . According to the quantum statistical thermodynamics [20], the internal energy à of this harmonic quantum heat bath is given by à = ßá, where    
                                  á = ±ħ2 âk
ãħ·ä´ + 1
k ãħ·ä´ − 1å =
±ħ2 coth ª ±ħ2«                                           (C1) 
is the mean energy of one oscillator. So, after identifying the steady quantum diffusion energy ℰħ(∞) of the Brownian particle described by Eq. (32) with the thermal mean energy á  (C1) of the quantum heat bath, we obtain   
                                                   ℰħ(∞) = á = ±ħ2 coth ª ±ħ2« ,                                         (C2) 
where the quantum energy, ℰħ(´µ)(∞) = ±ħ/2, corresponds to the zero-point thermal diffusion energy inherent in the heat bath at zero temperature, and ℰ(∞) =   the classical thermal diffusion energy of the quantum heat bath at high temperatures  ≫ ±ħ/2 .  
Furthermore, it is worth remarking that in the quantized expressions (C1) and (C2), the oscillation frequency ±, the Boltzmann constant  , the temperature , as well as the friction constant \ are not quantized quantities in the sense that they do not rely upon the Planck constant ħ in the quantum realm.  
 
 
 
 
 
 
 
 
 
 
Appendix D: The correlational function 
The non-Markovian correlation function (=) = 1 − ko ¸¸¹  can be obtained by taking the autocorrelation function 
〈<(=′)<(=′′)〉 = ¯1 − k—()r¹ ° (=′ − =′′) 
into Eq. (13). The correlation time =Ä denotes the time during which the fluctuations of the Langevin stochastic force f(=) = ^\<(=) remain correlated at times =′ and =′′. Physically, the correlation time is roughly viewed as the duration of a collision of the environmental particles with the Brownian particle. 
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